MHS Trial 2004 Mathematics Extension 2

Question 1 15 marks Start a new page - MARKS
(@ If f(x)=(x-1)(x-3) then sketch
l .
H y= | 2
J(x)
() y=r(x)
(i) |y|=7() 2
(b) (i) Find the stationary points and the asymptotes of the function 2
(x+ 1)4
Y="3
x +1
(ii) Sketch this function labelling all essential features. 1
(ili) Use the graph to find the set of values of k for which 2

(x+ 1)4 = k(x'4 + 1) has two distinct real roots.

iven the graph of y = f'(x) below, sketch the graph of y = f(x). 4
ly = f'(x) is the derivative of y = f(x).
y 4 \
] 0 ] ; I —
2 \¢1 2 3 4 x
-1 '
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Question 2 15 marks Start a new page MARKS
(@ () Find |—X—a 2
JVo-16x
g x2
(ii) Find (——dx 2
Jx +1
In3
(iii) Evaluate j xe*dx 3
0
(b) (i) Find real numbers 4, B and C such that 2 = 4 + B;+ ¢ 3
- (t+l)(t2+1) t+1 %41
(i) Hence, find —————Z-—-—dt. 3
o (1+ 1)(t + 1)
X : sinx
(iii) By using the substitution # = tan (——) evaluate - 2
2 0 l1+sinx—cosx :

Question 3 15 marks Start a new page
() Evaluate arg((2+i)W) given w=-1-3i. 2
(b) Write x2 —12x+48 as the product of two linear factors. 2
(c) In the diagram on the right, triangle POQ is right- . Alm 1

angled and isosceles. If P represents the complex '

number a +bi, where a and b are real, find the complex

number represented by Q. 0 Re

Q

(d) Sketch in the Argand diagram the locus of the complex number z given:

6)) arg(z—2)=argz+% 2

(i) |z+3i|<2|z| 3
() (i) Find, in modulus-argument form, the three cube roots of -8. 2

(i) Write the two unreal cube roots of —8 in the form a+ bi, where a and b are real. 1

(iii) If w; and w, are the the unreal cube roots of -8, show that

w & + w5 = 281 for all integers .
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Question 4 15 Marks Start a new page

(a)

(b)

d

(e)

Factorise P(x)= x* -5+ 4x2 +2x—8 over
(i) Real numbers;

(ii) Complex numbers.

Write down all polynomials that have degree 4 with 3 as a single zero
and —1 as a zero of mulitiplicity 3.

If o, B, v are the roots of X —=2x% +x+3 =0, evaluate:

0 o +p+r

Gy a+p+7

If o, P, v are the roots of 3 +2x% —2x+3 =0, form the equation whose roots are:

G 2a.28,2y
Gy o, Bt

In the diagram, PQ and CD are parallel chords of a circle. The tangent at D
meets PO produced externally at T. B is the point of contact of the other tangent
from T to the circle. BC meets PQ internally at R.

Copy or trace this diagram onto your answer page.

() Explain why £BDT = ZBRT.

(ii) ShowthatB,T,D and R are concyclic points.
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Question5 15 Marks Start a new page MARKS

3+

(@) Consider the graph of y = f(x) as shown above.
On the answer sheet provided, use the graphs of y = f(x) to clearly sketch separately the

graphs of:
. 1 :
®» y= 70 2
() ¥ =/ o
i) y=/"() 4 | 1
(b) Suggest a possible polynomial equation for the graph of y = f(x) shown in ' 1
part (a) of Q5.

(c) A solid § is formed by rotating the region bounded by the parabola y2=16(1-x)

and the y axis through 360° about the line x=2. |

(i) By slicing perpendicular to the axis of rotation, find the exact volume of S. 4
(ii) (&) Use the method of cylindrical shells to show that the volume of S is 2
1
also given by j l'§n(2 - x)\/l——_;dx . .3
0 ’ :
() Confirm your answer to part (i) by calculating this definite integral 3

using the substitution u =1-x
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Question 6 15 Marks Start a new page
2 )P
(a) A solid has as its base the ellipse ¥+1—6— =1. 4

If each section perpendicular to the major axis is an equilateral triangle, show
that the volume of the solid is 1283 units3 .

(b) The region (x— 2R)2 +y? < R? is rotated about the y-axis forming a solid of 6
revolution called a torus.
By summing volumes of cylindrical shells, show that the volume of the torus is
47%R3 units®.
() The angles of elevation of the top of a tower P from three points 4, B, C
are o, B, y respectively.
A, B, C are in a straight line such that AB = BC = a, but the line 4C does not
pass through S, the base of the tower.
(i) If Z4BS =0 and h is the height of the tower, show that 2
CS? = a® + h? cot? P +2ahcot fcosf .
(ii) Prove that the height of the tower is a2 T - 3
{cot2 a +cot? y - 2 cot? ﬁ}E
Question 7 15 Marks Start a new page
3 3 . _
(@) P|3p,—|and Q| 3g,~ | are points on the rectangular hyperbola xy=9.
p q
The equation of chord PQ is x+ pgy =3(p+q).
(i) Find the co-ordinates of N, the midpoint of PQ. 1
(ii) If the chord PQ is a tangent to the parabola y2 =3x, prove that the locus of N is
3x =-8y° ' ' 3
(b) The equation of a curve is x2y? ~x2+y%=0.
(i)  Show that the numerical value of y is always less than 1. 2
(ii) Find the equations of the vertical asymptotes. 1
3
(iii) Show that L | 3
dx X
(iv) Sketch the curve. 1

Question 7 continues on next page.
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) gqgstion 7 continued MARKS

(©)

(a)

(b)

A ball thrown from a point P with velocity ¥, at an inclination a to the horizontal,
reaches a point Q after ¢ seconds.

Show that if PQ is inclined at & to the horizontal, (where > 6), then the
direction of motion of the ball, when at Q, is inclined to the horizontal at an acute

angle of tan™! [2tan 6 —tana].

You may use the result without proof
x=Vcosaxt

: 4
y= Vsinazxt—%gt2
Question 8 15 Marks Start a new page
2 | _ |
Let [,,= j cosec”x dx where n is a positive integer.
4
6
(i) Using integration, show that (n—1)I, =2" 23 +(n=2)1,. 4
. z
. 3 4
(ii)) Evaluate J = sec” xdx. _ 3
0
Consider the polynomial X —i=0.
@) Showthatl—ix—x2+ix3+x4=0 for x#1i. 2
(i) Show that (x -—i)(xz —2isin£—x—-l)(x2 +2i sinzr-x-l) =0. 4
10 10
(iii) Show that sin Z-sin = 2
10 10 4
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Question 8§ continued

(b) (®

: . 3,2 3.
X —i= (x—;t)(x4 +ix0 +i%x? +z’x+c4)

=()c—i)(x4 +ix” - x —ix+1)=»0

3

. ) 2 .
x#I SO 1—ix—x"+ix +x4=0

.. 5 . 5 . . . T
i) x’-i=0 = x =i (rciso)’ =cis

. LT
r=1, cis560=cis—

50=" 1 2kn
2
2
g=L 2T _0,1,2,3,4
10 5

g% T 9 131 17

“10°2°10°10 " 10

(x—i)(x—cis—n—)(x—cis—g—zj(x—cis—gn)(x—cisﬂ) =0
10 10 10 10

. T . 9 T .. T Or .. 9¢
NOW ClS——+ClS——=COS—-—+lSlﬂ——+COS——'+lS'm——-
10 10 10 10 10 10

T .. T T .. T .. T
=cps—+zsm——cos——+zsm——=2zsm——
10 1 10 10

. T .975( n..n)( 977:..97:)
and CisS— X Ci§S— =| cos—+isin— || COS— +iISin——
10 ‘ 10 10

10 10 10 ).
T .. m\ T .. T
=| cos—+isin— || —cos— +isin—
(.10 : 10)( 10 10)
=—coszl—sin2£=—1
: 10 10
Similarly cisﬁ+cisi@=2isinﬁ=—2isin§£
10 10 10
and cisf—XCis-g—Ez—l
10 10

Hence (x—i)| x*~ 2isin—x— 1)(x2 +2isinomx - 1) =0
10 10

(iii) From (i) and (ii) you can write:

.. T .. 3m ) 9
(xz—2131n16x—1)(x2+2zsmT(-)—x—1)=x4+zx3—x“—zx+1

T . 37
The coefficient of x> will involve the product sin-l——sm—;a.
ie. —x*—4i* sinir—-s'mzt-x2 —x? =—x?
10
4sin—s’m£ =
10 10
r . 3w 1

sin—sin— = —
10 10 4

10

Evidence of the
factorisation
with powers of i
needed for 2
marks

4

1

1 for these two
lines from
similarly

|38}

1 for this line
with evidence of
source

1 penultimate
line




P! >
2
x=Vtcoso anm:STm%
gt?
P(0,0), Q| Vrcosa, Vesina =~
2
S&:thﬁ -
Gradient of PQ = 2 —tang-—2
Vtcosa 2Vcosa
Hence S:muS:.gl'wml
2V coso

AtQ, x=Vcosa
dy Vsina—gt
dx Vcoso

y=Vsino — gt

gt
Vcosa

tan B = tang —

_8
Vcosa

so =tanc — tan

tanc — tan 3
2
2tanf = 2tane —tany + tan 3

tan ff = 2tanf — tanor

Hence tanf =tanca -

B=tan”' (2tan @ - tanor)

4

1 for correct
diagram if nothing
else with no
multiple use of 8

1 Gradient of PQ

1 xandy if
nothing else

1 for mNN
dx

1 for tanf8

1 evidence of
correct
simplification to
given result

MHS Trial 2004 Mathematics Extension 2
Question§
@®
z . x 4
2 2 y 5
cosec”xdx = cosec” “xcosec xdx
L2 x
6 * 6
n
. E F
- z - L2
= —cosec” maoo.;._wH - | “(n-2)cosec">x(~1)(sinx) " cosx(~cotx)dx |1
E r-
. 8 7%
. .
R 2 "
=0+2"2xJ3-(n-2) | cos ec”xcos® x dx 1 correct
: p evaluation of uv
it 6

=2"2x3-(n-2)

[SIE]

avla

: no 2
cosec” xsin” xdx

(ii) .
- 4
secx = cosec| — — X
2
/1
znﬂla = dy=-dx
r L r
3 . 3 (3 afm
J= sect xdx = sec? x.sec? xdx J= cosec’| ——x dx
0 0 -0 -
n I
3, 2 = | % cosec* y(~dy)
= sec HT + tan” av&k Jx
0 OR 2
3 E
3 Y 2 4
-l tan” x |3 Iy=|" cosec*ydy
=| tanx + vl.w| Jz
0 6

,\w+uw\w'on2w

3, =43 +20,
I, =2°V3+0

30, =43+V3=63

NLHM/\W

Method 1
1 correct
integrand

1 correct
primitive

1 correct
substitution

Method 2

Need evidence
of change of
variable, change
of limits before
using result
from (i)
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ion 6 continued

Let x—~2R = Rsin8 x=R, B8=—

dx = Rcos0d6

V=dr

1]
IS
Bl

(2R + RsinB) R? cos” 66

ml'\_1 (SR NL\_’ wWN

w

=47R ?08 6 +sinfcos” mv

NI?_‘ WA

cos’ 8
p
3 f-x

=47R>| 8 +5in20 -

= Zi0-0-{Z+0-0
2 2

=472R> units’

(2R + Rsin6)VR® - R?sin® 6 Reos 60

1 equ’n of upper
boundary

1 correct definite
integral for V

1 correct
substitution for y

1 set up correct
substitution with
new limits

1 simplified
integrand

1 correct primitive
with correct limits

Question 6 continued

(©)

(i)

=0 hence ZCBS=180-6

In ACBS, CS* = BC*+ BS? -2 x BC x BScos(180-6)

o CS*=a®+BSY+2xax BScosd

In ABSP, BS = hcot3 &
s CSt=a’+h? nomﬁm+un>nonm8mm

5

In AASP, AS=hcota
In ACSP, CS = hcoty”

s hleot’y=a’+ \% cot? B+ 2ahcot Bcos
In AABS, AS® = AB*3 BC? ~ 2 x AB x BScosf
o Krcot? @ =a® + P cot? B —2ahcot Bcosd
a’+ mwmooﬂm B~ cot? Qv
. uwaw cot m
But  h%cot? y=q° ww cot? m+wn§normn0mm from (i)

h* Aoom% —cot® mv -a?

2ahcot

e

Hence cosf =

So cosf =

&
a*+h* Aoonu B-cot® Qv n? Anoﬁm y = cot? mv -d*

Hence e =

2ahcotB 2ahcot B

a®+h? Aoom m( cot? Qv =h? Tonm ¥ - cot? E -a”

242 =42 Aoohu y —cot? B —cot? B + cot? QV

2

2a”
cot? y - 2cot® B+cot’a
a2

,\oonw a+cot’y—2cot’ B

K=

h=

2

1 correct cos rule
with evidence of
1806

1 change of sign
and substitution for
BS

3

1 expression for
cos@

1 second
expression for
cos6

1 correct
substitution and
simplification to

. 2
expression for 2a°
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2004 Mathematics Extension 2 AOw_om:o_d 5 continued
c
@0 y=— 2
a)(i) y=——
fx)
1 for two parts

rrect

correc 4
= B : “ p 1 for 8V correct
) 0]
- §V=r(2-2+x)(2+2~-x)5y 1 evidence of
i 2 fiy 2 the use of a
ii = f(x =
@iy y =f(x R 8V =rx(4-x)8 correct

Need evidence 4 wm . 16— vw substitution for x
of graph V=1| nx(d4-x)dy but  x=l-— or x=———

S _4 16 16 N
becoming 1 correct
horizontal at 4 zw ww primitive

i R X . X X x=-3 = = || 4-1+=—|dy 1 correct
- R -4 6 — 16 substitution
1 for half correct 4 vh vm \ .
= Jm—— m\v\ 4167
3 for ——
; 2l -\ 8 256 15
7 - ith working
(i) y=r() 1 N 64 4%x4 256 i °
1 =2r wvlwl.llvll = 1222 X8 9|2 2208 niesd
; 24 1280 b - 24 256x5 15
Nn
— + —t—
)  fl)=ke(x+3) H _
Also accept  f(x)=kx* (x+3)
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Question 3 continued

2
w=—1-3i, w=-1+3(
arg((2+10)) = arg((2 + i)(~1+ 3i)) Lfor —% or =
4 4
m~m.2~+&&v given ng.mﬁlml#@luv )
= m_.mﬁlm + m&
_x
4
() 2
Xl —12x+48=(x=6)> +12 = 128144192
=(x-6+i12)(x-6-i12) _12ai
=
= (x=-6+2v3i)(x- 6 - 2V3i) — 61230
(c) OQ is just OP rotated clockwise through an angle of m 1
Q is represented by l.? + Ev =b-ai
. 1 . T

(@) arg(z-2)=argz+ 5 may be written arg(z—2)—argz= 3 which
suggests an angle in a semi circle, centre (1, 0) radius 1 in the 2
upper half plane, excluding the points (0, 0) and (2, 0). |
1
_N + w~_ < N_ N_ LA L O e i idd u

letz=x+iy

\\\\\\\\\\\\\L\\\\\\\\\\\\\\

)

_P. +(3+yi _ < M_ X+ J\_ B R s

22122240 ,«,\\\\\\\\

) P 9 trr22101 rsssss

X+ A% + MVM <4 Ak.. + %lv vrrssrd 1+ \osssess

rrseeA, 1102000

5 9 9 5 #srrrrrre—] lleﬂY\\\\
xT+y " +6y+9<dx” +4y7 s T .

IIIIIIIIIIIFIGTLLEIIIIOII L 0

a2 2 IPILELILILIIENPIIIPIIIII A2
3xT+3y" —6y>9 L
T

au+mulmzv.w

2
2+{y-1)7>4
This region is the exterior of the circle centre (0, 1), radius 2

1 for dotted circle

-1 for wrong centre

(©) (i) Let (rcis6)’ =-8

ricis3f = -8
r=2, cis3f=-1
¥=r,n+2x,7-21
n -
==
3 3
(-= 4 ,
The three cube roots of -8 are 2cis q , 2cis—, 2cism or
J
+2
-2cis = , 2cisw
3
(ii)
- 1 3
2cis| — |=2 =2 - =143
3 2 2
2cisE=2[ cos Z+isinZ | =2 LB v
3 3 3 2 2
(iii) Let w = 2cis H)H , Wp = mnmmm
3 3
_n 6n o 6n
w4 w,5" =1 2cis| — || +| 2cis| =
3 3
= 28" (cis(~2nm) +cis(2nr)) N
= 28" (cos(~2nr) +isin(—2n7) +cos(2n7) +isin (2n7))
=28"(1+0+1+0) when n is an integer
=2 % Nm:
- Nm:+_ ,
OR

[ ]

p/

1 Induction with
everything set up
cotrectly with an error




[4 14 _
A = (m)qwoy
aul] 158} 1O} NIvW ON (AL
0r -=8  x{1+g)+z=7 & 1=1
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Question 1

Mathematics Extension 2

Question 1 continued

(a) If f(x)=(x—1)(x—3) then sketch

. i
o = fx)

// . \.m/
TN

(i) |y| = f(x)

-2

w

1 for both top
branches

1 for bottom part with
correct local max

2

1 for one half correct

2

1 for either vertical
half or either
horizontal half

(x+1)*

\f.g+_

® 0 y=

dy a?ivu?g +_v|?+ca x4x3

ds Ta + _v

2

a(er1)(xt+1-x* - x7) a(x+1)(1-5)

) A\% + Qu

whenx=-~lorx=1.

) Ta + _vm =

Stationary points are (-1,0), (1,8)

For asymptotes, write y =

ey () (1)

2

1 for stationary
points

1 for asymptotes

x* 1 x*+1 1+
X
4
(1)
Asx— foo, y= ~||_11 — 1, horizontal asymptote is y = 1.
+ —
.ﬂu
(i)
T A 1'if correct and not
T H made easier from
m.. errors above
1 .
| ~——
PSS umar e = =UNSID PRI S SN S S S S
-0 TS 1 T s b
T 2
4
x+1 1 for each set of
(iii) y= |I|A T +v— andy=k — »,Tu + & =(x+ CA values
x
Two roots if 0 <k <1 or 1 < k <8, from the graph. ! lfor 0<k<8
(c) 4

deduct 1 for each
part missing.

horizontal at x =-2

slope -1 at x ulm.
minimum at x =2
asymptotic to x =3
RH branch

monotonic increase
& flattening




